ABSTRACT. We study the stable embedding problem for a CR family of 3-dimensional strongly pseudoconvex CR manifolds with each fiber bounding a stein manifold.
INTRODUCTION
Let X be a compact strongly pseudoconvex CR manifold. The question of whether or not X admits a CR embedding into a complex Euclidean space has attracted a lot attention. This amounts to showing that the manifold has a sufficiently rich collection of global CR functions. It was shown by Boutet de Monvel [BdM74] that the answer is affirmative if the dimension of X is at least five. In contrast, if X has dimension three, X may not be even locally embeddable, see [Ku82, Ni74] . Furthermore, there are examples [Bur79, Gr94, Ro65] which show that even when the CR structure on X is locally embeddable (for example, when it is real analytic), it can happen that the global CR functions on X fail to separate points of X. It was shown in [BE90] that, in a rather precise sense, "generic" perturbations of the standard CR structure on the three sphere are nonembeddable.
On the other hand, if a compact three dimensional strongly pseudoconvex CR manifold admits a transversal CR S 1 -action, it was shown by Lempert [Le92] , Epstein [Ep92] and recently in [HM14, HHL15] by using the Szegő kernel, that such CR manifolds can always be CR embedded into a complex Euclidean space. In recent years, much progress has been made in understanding the embedding question from a deformational point of view, that is, for CR structures which lie in Huang, Luk and Yau [HLY06] studied the stability of embedding for a CR family of strongly pseudoconvex CR manifolds with the CR structures of the fibers CR depending on the parameters. In [HLY06] , the dimension of each fiber has to be greater or equal to five. For a CR family of three dimensional CR manifolds, the problem of stability of embedding is still open. The CR dependence on the parameters for the CR families is crucial for the studies in the deformation theory of the complex structure of isolated singularities. Here, we refer the readers to [BJ97, Hu08, HLY06] and the references therein.
In this paper, we will continue the program which was started in [HLY06] on the stability of embedding problems for a CR family of strongly pseudoconvex CR manifolds. First, we recall the notations in [HLY06, Definition 1.1]. Definition 1.3. Let ∆ = {t ∈ C : |t| < 1} be the unit disk in the complex plane C and {X t } t∈∆ be a parameterized family of compact strongly pseudoconvex CR manifolds of real dimension 2n − 1. The family is said to be a CR family, or X t 1 is said to be a CR deformation of X t 2 for any t 1 , t 2 ∈ ∆ if there is a strongly pseudoconvex CR manifold X and a C ∞ CR map π : X → ∆ such that (I) π is a proper submersion;
(II) for any t ∈ ∆, X t = π −1 (t) and X t is a CR submanifold of X .
If n ≥ 3, that is, the dimension of each fiber is at least five, Huang-Luk-Yau [HLY06] established the stability of embedding for a CR family of strongly pseudoconvex CR manifolds under the condition that the dimension of the first KohnRossi cohomology of each fiber does not depend on the parameter. One key step in their work is the simultaneous filling of the CR family by a holomorphic family of convex-concave complex manifolds. The argument in [HLY06] In order to study the conjecture 1.2, we assume that X 0 can be filled by a stein manifold M 0 . Furthermore, we consider a special case of problem 1.4. We assume that the nearby X t can be simultaneously filled by a complex manifold M t with X t as its strongly pseudoconvex boundary and as a consequence we will have a holomorphic family of complex manifolds with strongly pseudoconvex boundaries. Here, when we say a complex manifold M with smooth boundary X we mean that M has a cover by coordinate patches {U α } with C ∞ coordinates ϕ α : 
In what follows, we denote by (M ε , ∆ ε , π) a holomorphic family of complex manifolds with smooth boundaries where ∆ ε := {t ∈ C : |t| < ε}. Suppose that M 0 is a stein manifold with strongly pseudoconvex boundary.
We denote by X t = ∂M t the boundary of M t for any t ∈ ∆ ε and set X ε = ∪ t∈∆ε X t . The boundary of M ε has two pieces Y 0 and Y 1 , where Y 0 = X ε and 
We now proceed to study the stability problem for a CR family of strongly pseudoconvex CR manifolds which bound a holomorphic family of complex manifolds. For this, we need study the ∂-equation on M ε . However, the non-smooth boundary of M ε makes a direct approach difficult. Thus, we need find a Hermitian metric on M ε which can blow up Y 0 to infinity.
We now introduce a Hermitian metric ds 2 over M ε such that the following properties hold: (a) First, ds 2 is smooth up to M ε \ Y 1 , (b) we can find a finite covering {U α } α of M ε and coordinates (z α , t) on each U α such that z α is smooth on U α and z α | Mε∩Uα is holomorphic. For convenience, we will omit α in the notation z α . With respect to the coordinates (z, t) with z = (z 1 , z 2 ),
and d Eucl is the standard volume form on C 3 .
Lemma 2.1. For sufficiently small ε, there exists a strictly plurisubharmonic function ϕ on M ε which is smooth up to the boundary ∂M ε . As a consequence, for t ∈ ∆ ε each M t is a stein manifold with strongly pseudoconvex boundary.
Proof. By the assumption of theorem 1.6, M 0 is a stein manifold with a strongly pseudoconvex boundary. By theorem 4.1 in [HN05] , there is a large stein manifold Y which contain M 0 as an open subset. Then M 0 can be embedded to some C N by a holomorphic map F which is smooth up to the boundary.
is a strictly plurisubharmonic function on M 0 and ϕ 0 is smooth up to the boundary of M 0 . Let f : M 0 × ∆ ε → M ε be a diffeomorphism which is smooth up to the boundary satisfying f
and l is a positive number.
Then ϕ will be a strictly plurisubharmonic function on M ε which is smooth up to the boundary of M ε when l is sufficiently large and ε is sufficiently small. Thus, each M t is a complex manifold without compact positive dimensional subvariety. Since each M t has a strongly pseudoconvex boundary, then by a result of Grauert [Gr62] (also see [AS70, Corollary, page 233]) we have that each M t is a stein manifold.
Lemma 2.1 implies that the holomorphic family of complex manifolds in theorem 1.6 is actually a holomorphic family of stein manifolds.
In what follows, we will fix a smooth real-valued function r over M ε such that r is a defining function of Y 0 . For τ ≫ 1, write
which is a strongly plurisubharmonic function on M ε when τ is sufficient large. We will use Λ τ,k as a weight function to solve the ∂-equation on M ε . We will work with the following orthonormal basis over U α :
Let Ω 0,q (M ε ) be the space of (0, q)-forms on M ε which are smooth up to the
is said to have compact support along t-direction if it vanishes when ε − |t| < c u with c u a sufficiently small constant. We denote by L
Consider the ∂-operator as a maximally closed extended operator acting on a dense subspace of the Λ τ,k -weighted L 2 -space of functions, (0, 1)-forms. Let ∂ * Λ τ,k be its Hilbert adjoint from the space of (0, 1)-forms into the space of functions.
Lemma 2.2. For all
, there exists a sequence {u m } which belong to Ω 0,1 (M ε ) and have compact supports along t-direction such that as m → ∞,
. Then |Dη v | ≤ Cv and the point wise norm |∂η v | ds 2 ≤ C 0 for some constants C, C 0 independent of v. Hence, for any
2 -norms. Now applying the Friedrich-Hörmander approximation theorem, we see that for any
, each of which is compactly supported along t-direction and is smooth up to the boundary of M ε such that
. We assume that u has compact support along tdirection. For p ∈ M ε , there exists a neighborhood U α of p in M ′ and orthonormal basis {ω j } 2 j=0 given as in (2.1) over U α . By partition of unity, we assume that u has compact support in some U α ∩ M ε . Write u = 2 j=0 u j ω j . Since u has compact support along t-direction and satisfies ∂-Neumann boundary condition, so we have u| Y 1 = 0 and
Write the volume form on Y 0 with respect to the Euclidean metric on some coordinate chart as ds. Also, in what follows, we write O(A) for a quantity such that |O(A)| ≤ C|A| with C independent of the weight function (namely, independent of τ, k).
Theorem 2.3 (Basic estimate). There exists τ, k sufficiently large such that for any
where
Proof. From Lemma 2.2, we only need prove the first part of this theorem. By partition of unity, we assume that supp u ⊂ U α ∩ M ε for some neighborhood U α . Let {ω j } be the orthonormal basis defined in (2.1) over U α .
(2.9) 
δ j u j + lower order terms and
where (·, ·) Λ τ,k is the weighted inner product with respect to ds 2 and the weight
Combining (2.9) and (2.11), we have
(2.12)
Since u satisfies ∂-Neumann boundary condition, then integrating by parts
(2.13)
Since u satisfies ∂-Neumann boundary condition, it follows that
Li Su Holomorphic family of Stein manifolds
Substituting (2.14) to (2.13), we have
(2.15)
Write
and C
. For any smooth function g, write ∂∂g =
Substituting (2.20) to the first term on the right hand side of (2.16), we have
Integrating by parts,
.
Combining (2.16), (2.20), (2.22), (2.15) and using the notation (2.19) we have
2 )) 00 = 1, then we can choose τ, k sufficiently large such that (2.24)
where (δ αβ ) is the identity matrix. Then by big-small constants argument, we have (2.25)
Since Y 0 is strongly pseudoconvex, then the boundary term in (2.25) is positive and we have (2.26) ∂u
Then by partition of unity and Lemma 2.2 we get the conclusion of the second part of Theorem 2.3.
The basic estimate in theorem 2.3 implies that there is no obstruction for solving the ∂-equation on M ε . That is, if we denote by
the L 2 Dolbeault cohomology, then we have the following (0,1) (M ε , Λ τ,k ) with u ⊥ Ker(∂). Next, we will show that the ∂-equation on M ε has boundary regularity.
Theorem 2.6. Let ω be a closed
be its Hilbert adjoint. There exist a unique u ∈ L 2 (M ε , Λ τ,k ) such that ∂u = ω with u ⊥ Ker(∂). By Theorem 2.3, both ∂ and We now define Q(φ, φ) = ∂φ
, where
) with compact support in the t-direction. Q δ is defined in the same way as in [FK72, pp32] with {ρ j } a partition of unity subordinate to a finite covering
For any given point p ∈ Y 0 \ Y 1 and a neighborhood U p of p in M ε with U p not intersecting with Y 1 , to see that the [FK72, Main Theorem 2.1.7 (2)] holds over U p , we only need explain why ξφ δ l converges to ξφ as δ l → 0 + for
Let {η v } be the sequence defined in the proof of Lemma 2.2. Substituting η v φ δ l to the (2.6), we have (2.27)
where C v is a constant which does not depend on φ δ l . Then as in [FK72, pp45] , there is a constant C v,s such that (2.28) η v φ δ l s ≤ C v,s uniformly as δ l → 0 with s ≥ 1, v ≫ 1. Then by a diagonal selecting process and making use of Rellich lemma, we can assume that φ δ l converges to φ 0 in the Sobolev · s -norm for each s ≥ 1, v ≫ 1 over any compact subset of M ε \ Y 1 . Thus, by Sobolev embedding
. By a big-small constant argument, it follows that (2.29) ∂φ
An immediate consequence of (2.29) is that φ 0 ∈ L . Assume that X 0 can be CR embedded into some C N . Can the nearby X t be CR embedded into the same C N with the embedding maps CR depending on the parameters ?
